We present a generalization to an arbitrary number of spacetime (d) and worldvolume (p+1) dimensions of the formalism proposed by Ferrara, Gibbons and Kallosh to study black holes (p = 0) in d = 4 dimensions. We include the special cases in which there can be dyonic and self-or anti-self-dual black branes. Most of the results valid for 4-dimensional black holes (relations between temperature, entropy and non-extremality parameter, and between entropy and black-hole potential on the horizon) are straightforwardly generalized.
Introduction and conclusions
The formalism developed by Ferrara, Gibbons and Kallosh (FGK) in Ref. [1] has proven a formidable tool in the study of 4-dimensional black holes. For extremal 4-dimensional black holes, it has solidly established a connection between the entropy and the values of the scalars on the horizon through the extremization of the so-called black-hole potential. In the special case of N ≥ 2, d = 4 supergravity theories, the black-hole potential is just a function of the central charge and its covariant derivatives, and some of the extrema of the black-hole potential (the supersymmetric ones) are the extrema of the central charge, whose value on the horizon determines the entropy. This explains how the attractor mechanism works in these theories [2] These particular (but very important) results of Ref. [1] have been used in much of the literature on black holes: the attractors values of the scalars on the horizon for a given set of charges of given model or class of models are determined and the entropy of the corresponding extremal black holes is computed without ever having to construct the complete black-hole spacetime metric explicitly. Actually, only in some supergravity theories it is known how to perform this construction (notably, in N = 2, d = 4 supergravity), even if the generic form of the solutions is known, in principle, for all 4-dimensional supergravities [3] . For extremal non-supersymmetric the situation is worse: a systematic procedure to construct the solutions does not exist even for N = 2, d = 4 supergravities, except in trivial cases. The non-extremal solutions are described by the FGK effective action as well and their physics is much richer (and the unknown extremal non-supersymmetric solutions can probably be be obtained from them); the absence of an attractor mechanism makes their construction harder and their study less attractive but definitely no less rewarding.
Recently, a general ansatz to construct general families of non-extremal black-hole solutions of N = 2, d = 4 supergravity in combination with the FGK formalism has been proposed in Ref. [4] and new variables that clarify their structure and their construction have been proposed in Refs. [5, 6] .
Given the power of this approach, it is natural to try to generalize it to other cases. In Ref. [7] a generalization of the FGK formalism for d-dimensional black holes was presented and the special properties of the black-hole potential in the N = 2, d = 5 supergravity case were studied. New variables, similar to those constructed in Refs. [5, 6] for the 4-dimensional case are also known [8, 9, 6] and all these results can be combined with the proof of the attractor mechanism presented in Ref. [10] to find very general results concerning extremal and non-extremal blackhole solutions of those theories that will be presented elsewhere [11] .
In this paper we generalize the formalism to p-branes in d dimensions, determining the general form of the metric of a single, charged, static, regular, flat p-brane in d dimensions and constructing the effective action for the single independent metric function and for the scalars. We derive the generalization of the results of Ref. [1] that relate the values of the scalars on the horizon of extremal black branes to the extrema of the black-brane potential and the entropy to (some power of) the value of the black-brane potential on the horizon. We also study the special properties of the black-string potential in the N = 2, d = 5 supergravity case: just as in the black-hole case the black-hole potential could be written as a function of the central charge and its derivatives, in the black-string case the black-string potential can be written as a function of a dual central charge and its derivatives so that the extrema of the central charge are also (supersymmetric) extrema of the black-string potential and the entropy is given in those cases by (a power of) the value of the dual central charge on the horizon. This case is particularly interesting because new variables, similar to those used for black holes in Refs. [8, 9, 6] can also be defined [11] .
Finally, further generalizations to, for instance, branes with curved worldvolumes such as those considered in Ref. [12] are clearly possible using this formalism 1 . This paper is organized as follows: in Section 1 we describe the general actions we are going to deal with and, using the ansatz that emerges from Appendix B, we perform the dimensional reduction to find the generalization of the FGK effective action (obtained in an alternative fashion in Appendix A) and of the general results concerning extremal branes (Section 1.2). In Section 2 we apply the general formalism to the special case of black strings in N = 2, d = 5 supergravity and we solve explicitly a simple model.
1
The FGK formalism for black p-branes
Derivation of the effective action action
We are interested in theories with scalar fields φ i parametrizing a non-linear σ-model with metric G ij (φ), and (p + 1)-form potentials A Λ (p+1) µ 1 ···µ p+2 coupled to gravity whose actions are of the general form
where 2) are the (p + 2)-form field strengths and I ΛΣ (φ) is a scalar-dependent, negative-definite matrix that describes the coupling of the scalar fields to the (p + 1)-form fields. The normalizations have been chosen so as to recover the particular cases considered in Refs. [7, 1] 3) in the action, where R ΛΣ (φ) is a scalar dependent matrix such that 4) and where 5) and the ansatz should take into account that the same brane can also be magnetically charged with respect to the dual of the (p + 1)-form potentials, which are also (p + 1)-forms, i.e. they can be dyonic. Furthermore, if d = 4n + 2 (p odd: strings in d = 6 and 3-branes in d = 10) the dyonic branes can also be self-or anti-self-dual. The first ingredient we need is a generic ansatz for the metric of any electrically charged, static, flat, black p-brane in d = p +p + 4 dimensions, wherep is the dimension of the of the dual (magnetic) brane, with a transverse radial coordinate ρ such that the event horizon is at ρ → ∞.
This generic ansatz can be found by studying the metrics of known families of solutions of this kind, such as those originally found in Ref. [13] 3 . This study is performed in Appendix B and the ansatz for the metric that emerges from it is
where y (p) ≡ (y 1 , · · · , y p ) are the brane's p spacelike worldvolume coordinates and where γ (p+3) mn is the background transverse metric given by
where, in turn, dΩ 2 (p+2) is the metric of the round (p + 2)-sphere of unit radius. The general metric Eq. (1.6), which reduces in the p = 0 case to the metrics used in d = 4 and arbitrary d-dimensional black holes in Refs. [1] and [7] respectively (W disappears), should be capable of describing any non-extremal black brane for adequate choices of the functionsŨ (ρ) and W (ρ). In what follows we will use it as an ansatz in which onlyŨ (ρ) and W (ρ) have to be determined.
Observe that, while it is possible to redefineŨ and the transverse metric γ (p+3) mn so as to totally absorb W in some components of the metric, it is not possible to do it simultaneously in all of them. We do not expect more than one independent function in a black-brane metric, but nothing prevents us from using the above metric with a priori independent functionsŨ and W as an ansatz and then letting the equations of motion dictate how they are related and what is the best definition for the single independent function that we expect.
If we are to describe electrically charged p-branes, an adequate ansatz for the
(all the other components vanish). In the special case p =p = (d − 4)/2, the branes can also be magnetically charged with respect to the dual (magnetic) (p + 1)-form potentials. These are defined as follows: the equations of motion of the electric (p + 1)-form potentials, when we add the term Eq. (1.3) to the action, can be expressed in the form 9) and imply the local existence of the magnetic (p + 1)-form potentials A (p+1) Λ satisfying
Then, in this particular cases, our ansatz for the magnetic potentials is
The electric and magnetic field (p + 2)-form strengths can be arranged into a vector 12) so the Bianchi identities and Maxwell equations can be written in the compact form 13) which is covariant under linear transformations
14)
The consistency of these linear transformations with the definitions of the magnetic field strengths requires that the matrices R, I transform according to
On the other hand, the contribution of the (p + 1)-form potentials to the energy-momentum tensor can be written in the form
where we have defined the metric 17) which will be used to raise and lower M, N indices. This implies that the linear transformations of the n electric and n magnetic field strengths must be restricted to O(n, n) when ξ 2 = +1 and to Sp(2n + 2, R) when ξ 2 = −1. An alternative expression for this contribution to the energy-momentum tensor is 18) where the symmetric matrix M M N is given by
In what follows we will write the expressions including the additional terms (matrix R ΛΣ , magnetic charges p Λ etc.) in the understanding that they vanish whenever the condition p =p = (d − 4)/2 is satisfied.
To end the description of our ansatz, we are also going to assume that the scalars only depend on ρ. Plugging this ansatz into the equations of motion derived from the above action, we get two equations
(overdots denoting derivatives w.r.t. ρ) that can be integrated immediately, giving
where we have normalized W (0) = 1 at spatial infinity and we have introduced the integration constants γ and Q M , α being a normalization constant. The constants Q M are, up to global normalization, just the electric and magnetic charges of the p-brane with respect to the (p + 1)-form potentials
These first integrals allow us to eliminate from the equations of motion W and Ψ M (which only appears throughΨ M ). The remaining three equations only involveŨ and φ i and take the formÜ
where we have defined the negative semidefinite black-brane potential
and the constantB
(1.29)
These equations (up to the constant in Eq. (1.27, which arises as the Hamiltonian constraint) can be derived from from the effective action
Summarizing, we have found that, if we use the ansatz
whereŨ is a function of ρ; γ, Q M are constants and γ (p+3) mn is the transverse space metric given in Eq. (1.6), in the theories defined by generic family of actions Eq. (1.1), we find that they are solutions of these theories if the following Eqs. (1.25)-(1.27) are satisfied. The same result is obtained in Appendix A by reducing first the action Eq. (1.1) to (d − p) = (p + 4) dimensions in such a way that the action only contains the Einstein-Hilbert term, scalars and 1-forms and then by using the FGK formalism of Ref. [7] in a second stage.
In general, the integration constant γ will be related to the non-extremality parameter ω by requiring the solution to have a regular event horizon. Indeed, Eq. (B.37) implies that
and, therefore, the general form of regular p-branes will be taken to be
FGK theorems for static flat branes
In the same spirit as [1, 7] , we can use the formalism presented in the previous section to derive several results about single, static, flat, black p-brane solutions in d dimensions. Let us first consider extremal black branes ω = 0, whose general form follows from the ω −→ 0 limit of the general metric Eq. (1.33):
(1.34)
According to the results in Appendix B.2.2, in the extremal limit,Ũ must behave as in Eq. (B.41), which we reproduce here for convenience:
whereS is the entropy density per unit worldvolume , defined in the paragraph above Eq. (B.12). Therefore, the near-horizon limit of Eq. (1.34) takes the general form
which is the direct product AdS p+2 × Sp +2 , both with radii dual toS 1 p+2 . We impose the following regularity condition on the scalars
Then, the near-horizon limit ρ → ∞ of the Hamiltonian constraint Eq. (1.27) is
If we assume that the entropy densityS does not vanish and the values of the scalars do not diverge on the horizon φ i h < ∞, then it can be shown that
and from Eqs. (1.38) and (1.39) we obtaiñ
and therefore the entropy of an extremal brane is given by (a power of) the value of the blackbrane potential at the horizon. On the other hand, if we assume that, again, the entropy density is finite and, furthermore, that
we deduce, from the near-horizon limit of the equations of the scalars, that the value of the scalars on the horizon is fixed in terms of the charges by
and does not diverge. Therefore the condition Eq. (1.41) plus finiteness of the entropy density imply the regularity of the scalars on the horizon that we assumed before. If the metric of the scalar manifold G ij is positive definite, then Eq. (1.42) is equivalent to
which generalizes the usual attractor mechanism for static extremal black holes to the case of static extremal flat branes.
Finally, if we take the spatial infinity limit ρ → 0 + of the Hamiltonian constraint Eq. (1.27), we obtain the analog for branes of the so-called extremality (or antigravity) bound for black holes
where Σ i are the scalar charges andũ = −Ũ ′ (0) is given in terms of the black p-brane's tension T p and the non-extremality parameter ω by Eq. (B.42):
The above formula differs from the black hole's by terms proportional to pω which vanish in the black-hole case p = 0.
2 Non-extremal strings in N = 2, d = 5 supergravity.
In order to illustrate the formalism developed in the previous sections, we are going to particularize it for the case of N = 2, d = 5 supergravity, solving a simple example. The relevant part of the bosonic action of N = 2, d = 5 supergravity theories coupled to n vector multiplets is, using the conventions of Refs. [15, 14] ,
where I, J = 0, 1, · · · , n and x, y = 1, · · · , n. The scalar target spaces are implicitly defined by the existence of n + 1 functions h I (φ) of the n physical scalar subject to the constraint
where C IJK is a completely symmetric constant tensor that determines the model. Defining
the positive definite matrix a IJ can be expressed as 4) and can be used to consistently raise and lower the index of the functions h I . We also define 5) which are orthogonal to the functions h I with respect to the metric a IJ . Finally, the σ-model metric is given by
Since we want to obtain non-extremal strings, it is more convenient to use the dual 2-form potentials B I µν and their 3-form field strengths H I µνρ = 3∂ [µ| B I |νρ] , which are related to the 1-forms by the duality relations
In terms of these variables the action takes the form
Comparing now Eq. (2.8) (taking p = 1,p = 0, as corresponds to d = 5 string solutions) to Eq. (1.1) we find that 9) and, therefore, the effective action for this model is given by
where the negative semidefinite black-brane potential, after an adequate choice of normalization, is given by
where we denote by p I the electric charges of the string
The Hamiltonian constraint (1.27) becomes
If we define the dual central chargeZ(φ, p) by 14) it is possible to rewrite the black-brane potential in the form
where Eq. (2.6) has been used to obtain the last expression. Just as it happens in the black-hole case, this form of the black-brane potential allows us to rewrite the effective action Eq. (2.10) in a BPS form, i.e. as a sum of squares up to a total derivative
(2.16) The action is, then, extremized, and the second-order equations of motion that follow from the action are satisfied when the first-order BPS equationṡ
Observe that the equations of motion that follow from the action do not set the Hamiltonian to any particular value. Actually, these first-order equations imply the Hamiltonian constraint for ω = 0, i.e. for extremal strings. It should be possible to show that the extremal strings that satisfy the above equations are, precisely, the supersymmetric ones.
On the horizon of these solutions the dual central charge reaches a stationary point
The above condition and the properties of real special geometry imply that the black-brane potential also reaches a stationary point on the horizon. The converse is not always true and we expect the existence of extremal, non-supersymmetric black strings and we are going to construct some solutions of this kind explicitly in the following sections. The extremal supersymmetric strings of these theories saturate the supersymmetric BPS bound, i.e.
On the horizon, the general relation between entropy density and black-brane potential Eq. (1.40) plus the particular property Eq. (2.19) imply that the entropy density is determined by the value of the dual central charge on the horizon (herep = 0)
There is a well-established procedure to construct all the extremal supersymmetric strings of an ungauged N = 2, d = 5 supergravity coupled to n vector multiplets [16] : given n + 1 spherically-symmetric real harmonic functions on Euclidean R
the fields of the supersymmetric solutions are implicitly given in terms of these functions by the relations
We will denote the explicit expressions for the physical fields of the solutions with the subscript susy:
A one-modulus model
In this section we are going to apply the formalism developed in the previous sections to construct the black-string solutions of the simple model of N = 2, d = 5 coupled to one vector multiplet whose black-hole solutions were constructed in Ref. [7] . This model, which can be obtained by dimensional reduction of minimal d = 6 N = (1, 0) supergravity, is determined by C 011 = 1/3. The hypersurface defined by Eq. (2.2) has to be covered by two coordinate patches that determine two branches of the theory. We label these two branches by σ = ±1. The relation between the projective coordinates h and the physical scalar φ in both branches is given by
φ .
(2.24)
The scalar metric g φφ and the vector field strengths metric a IJ take exactly the same values in both branches:
and, therefore, the bosonic parts of both models and their classical solutions are identical. However, since the functions h I (σ) (φ) differ, the fermionic structure and, therefore, the supersymmetry properties of a given solution will be different in different branches. In particular, the dual central charge is different in each branch:
The black-brane potential is identical in both branches because it is a property of the bosonic part of the theory. It is given by 
in all cases, while the dual central charge takes the valuẽ
Since ±σp 0 /p 1 > 0, the upper sign (which corresponds to the supersymmetric case in the σ-branch, because it extremizes the dual central charge) requires the following relation between the signs of the charges p
while the lower sign (which corresponds to non-supersymmetric extremal black strings in the σ-branch) requires
We are going to construct the supersymmetric solutions of the σ-branch next; the nonsupersymmetric solutions of the (−σ)-branch will be constructed at the same time.
Supersymmetric and non-supersymmetric extremal solutions
The general prescription tells us that the extremal supersymmetric solutions are given by two real harmonic functions of the form Eq. (2.22), and are related toŨ susy and φ susy by Eqs. (2.23), which in this case take the form 
For these fields to be regular and well-defined, the harmonic functions K I must satisfy several conditions 7 :
i) They should not vanish at any finite, positive, value of ρ: this requirement relates the signs of the two constants that enter in each function K I , p I and K I ∞ :
ii) For φ susy to be well-defined in the σ-branch
everywhere. This implies, in particular, that sign(p 0 ) = σsign(p 1 ) which is the relation we found for the supersymmetric critical points. Thus, there are two supersymmetric cases for each branch which are disjoint in charge space: sign(p 0 ) = +1, sign(p 1 ) = σ and sign(p 0 ) = −1, sign(p 1 ) = −σ.
iii) ForŨ susy to be well-defined (e −Ũ > 0) we must have
It is, then, evident, that K 0 < 0 corresponds to the non-supersymmetric, extremal case, which will be given by
To summarize: the supersymmetric and the non-supersymmetric extremal solutions can be written in this unified way:
with the harmonic functions given by
The supersymmetric cases correspond to the signs sign(p 0 ) > 0 sign(p 1 ) = σ and the nonsupersymmetric ones to sign(p 0 ) < 0 and sign(p 1 ) = −σ. The tension of these extremal solutions, defined in the ρ → 0 limit by Eq. (B.42) is given in all the cases by the manifestly positive quantity
which only equals the absolute value of the central charge when sign(p 0 ) = σsign(p 1 ), which happens in the supersymmetric cases. Furthermore, in the supersymmetric cases, as we just said, sign(p 0 ) > 0 and
In the non-supersymmetric cases, as one should expect, the mass is larger than the central charges.
The entropy is given by the black-string potential on the horizon according to the formula Eq. (1.40) . Then, Eq. (2.29) tells us that the entropy density is, in all extremal cases, given bỹ 
Non-extremal solutions
As in the black-hole case considered in Ref. [7] , the most general solution can be obtained by direct integration using the fact that the effective action is separable: defining the new variables
the effective action Eq. (2.10) takes the form 46) and the equations of motion that follow from it can be integrated immediately in full generality, giving 
The regularity of the solution imposes A = C. This constraint together with the Hamiltonian constraint Eq. (2.49) implies
We are left with two constants, B and D, that have to be expressed in terms of the physical parameters of the solution by requiringŨ(0) = 0 (asymptotic flatness) and φ(0) = φ ∞ : which can be solved, yielding
The tension is given by
φ∞ . (2.53)
When the charges vanish we recover the Schwarzschild branes' tension T p = |ω|/2. Taking ω = 0 we obtain the tension of all the extremal cases Eq. (2.41). This equation can be inverted in order to explicitly identify the different extremal limits and the correspondent mass, but the expression is very involved, so we will analyze the extremal limits from Eq. (2.53). The entropy density is given bỹ
. (2.54) Taking the extremal limit ω → 0, we recover the expression already found for the extremal case. The Hawking temperature can be found using the relation between the entropy density, the temperature and the non-extremality parameter Eq. (B.40).
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A Black branes versus black holes: dimensional reduction
It is sometimes useful to consider the toroidal compactification of flat p-branes over the p spatial worldvolume directions to get a (d − p) = (p + 4)-black-hole solution. This is how the first p-brane solutions were constructed [13] .
Let us consider the d-dimensional action Eq. (1.1) and the ansatz
where the (d − p) = (p + 4)-dimensional metric g µν , 1-forms A Λ µ , worldvolume element K and scalars φ i are all independent of the worldvolume coordinates y (p) . The dimensionally-reduced theory is governed by the action
2) where F Λ = dA Λ are 2-form field strengths. To search for the static, spherically-symmetric black-hole solutions of this model, we can use the (d − p) = (p + 4)-dimensional version of the FGK formalism given in Ref. [7] and assume that the black-hole metric will be given by
where γ (p+3) m n is the background transverse metric given in Eq. (1.7). The effective action controlling the dynamics of the black-hole warp factor U (p+4) , the worldvolume element K and the scalars φ i is [7] I
(A.4) where the black-hole potential is given, up to the normalization constant α, by
The Hamiltonian constraint takes the form
where ω is the non-extremality parameter in the background transverse metric (ω = 2B in Ref. [7] ). The equations of motion for U (p+4) and K are, respectivelÿ 8) and their difference can be solved for K as a function of U (p+4) and two integration constants a and b, giving
For simplicity we normalize K at spatial infinity to 1 by setting b = 0 and for latter convenience we redefine the integration constant a = −
Using this result to eliminate K from the equations of motion, we arrive at a set of equations of motion that can be derived from the effective action Eq. (1.30) upon the identifications
γρ , (A.11)
B Some known families of black-brane solutions
In this appendix we review several well-known families of black-brane solutions in order to gain intuition and understand better the general setup proposed in this paper. 
B.1 Schwarzschild black p-branes
where dΩ 
These metrics, which are asymptotically (i.e. at r → +∞) flat in the directions orthogonal to the brane's worldvolume, have an event horizon at rp +1 = −ω (we take ω < 0) that hides any possible curvature singularity at lower values of r. The first coefficient in the expansion of g tt (W ) in 1/rp +1 is the mass of the black hole in (d − p) dimensions 8 :
and can be taken as the definition of the energy per unit of worldvolume (tension) of the black p-brane in d dimensions
A more general definition can be given, following Ref. [23] 9 : if we expand the spacetime metric in the weak field limit into the asymptotic metric (Minkowski η µν ) and a perturbation h µν
where c µν is a constant tensor, then, the p-brane's stress-enery tensor t ab (a, b = 0, · · · , p) is given by
where ωp +2 is the volume of the unit (p + 2)-sphere and
The component t 00 gives the tension T p and we recover the above value choosing units such that
The definition of the constant tensor c µν will change slightly when we change coordinates, but the expression Eq. (B.6) will still be valid. The tension will coincide with the mass of the black hole that one obtains by dimensional reduction if one uses carefully the relation between the d and the (p + 4)-dimensional Newton constant.
The angular part of the metric remains finite in the limit r → (−ω) 1 p+1 and the volume of the (p+2)-spheres converges to a finite value there: ωp +2 times the volume of the unit (p+2)-sphere. Redefining the radial coordinate to one, R, which vanishes on the horizon
the metric, in the near-horizon limit takes the form
which is the direct product of a Rindler space (in the time-radial directions), a p-dimensional Euclidean space (the brane's worldvolume) and a (p + 2)-sphere of radius (−ω) 1 p+1 . Now Wickrotating the time coordinate and requiring the time-radial part of the metric metric to be free of conical singularities, we find that the Euclidean time must be compact with period (inverse Hawking temperature) 9 We would like to thank R. Emparan for his clarification on this point.
The volume of the (p + 2)-dimensional sections of constant t and y 2 (p) of the horizon is given by
where ω (p+2) is the volume of the unit (p+2)-sphere. If the p-dimensional spacelike worldvolume were compact, then the above quantity would be equal to the quotient of the (d − 1)-dimensional constant-time sections of the horizon and the p-dimensional spacelike worldvolume, and, therefore, up to numerical constants (in our conventions), it can be interpreted as the entropy density by unit of worldvolume. We will denote this quantity byS and, thus,
In this work we use a radial coordinate ρ for which the event horizon lyes at +∞ and spatial infinity at ρ → 0 and which is related to r by two consecutive changes of coordinates: first r → z
, (B.13) which brings the metric into an isotropic (in transverse space) form. For the above Schwarzschild black p-branes, this isotropic form of the metric is
The second coordinate change z → ρ is given by 15) and brings the metric into the final form
where the background transverse metric is
This background transverse metric is the p-brane generalization of the d-dimensional generalization given in Ref. [7] of the 4-dimensional black-holes background transverse metric given in Ref. [1] ).
At spatial infinity ρ → 0, the exponentials that appear in the metric go to 1 (because ω < 0) and the background transverse metric approaches 18) which is nothing but the (p + 3)-dimensional Euclidean metric as can be seen with the coordinate change ρ
In these coordinates the tension is computed using Eq. (B.6) where the constant tensor c µν is now defined by
In the near-horizon limit, the angular part of the background transverse metric behaves as 20) and becomes singular (shrinks to zero volume) on the horizon. This behavior is compensated by the divergence of the factor e
ωρ which sits in front of it, so that the result Eq. (B.12) is recovered.
In the same limit, the time-radial part of the metric behaves, after a rescaling of the radial coordinate, as
from which one can easily read the temperature. The tension, temperature and entropy density of Schwarzschild black p-branes are the same as the mass, temperature and entropy of the Schwarzschild black hole related to them by toroidal compactification. For more complex solutions, the tension of the p-brane and the mass of the corresponding black hole will be different, but the temperature and entropy will have the same values.
B.2 RN black p-branes
Our next example will be that of "Reissner-Nordström" p-branes, which are charged solutions of the following action, which does not include scalar fields:
.
(B.22)
Solutions describing static, flat, black p-branes charged with respect to the (p + 1)-form potential A (p+1) , lying in the directions parametrized by y (p) ≡ (y 1 , · · · , y p ) were constructed in Ref. [13] and they are given by
where the integration constants ω, h and α are related by
We are going to assume that ω ≤ 0 and h ≥ 0, but otherwise arbitrary. This is consistent with α 2 ≥ 0 for all the possible values of ω and h. These solutions generalize the d-dimensional Reissner-Nordström black-hole solutions [22] which are the p = 0 case. In all cases ω (which has to be non-positive for the solutions to have a regular event horizon) plays the role of non-extremality parameter: when ω = 0 (W = 1) the solutions become extremal and, in some cases, supersymmetric. In this limit H can be replaced by an arbitrary harmonic function in the (p + 3)-dimensional transverse space, although only some choices give physically meaningful solutions. When h = 0 the solutions describe the Schwarzschild black branes discussed in the previous section.
As they stand, these solutions are asymptotically flat in the directions orthogonal to the worldvolume and have an event horizon at rp +1 = −ω that hides any possible curvature singularity at lower values of r.
The tension can be computed using Eqs. (B.19) and (B.6) and is given, in the units of Eq. (B.7) by
h − ω/2 , (B.25) and, again, it coincides with the mass of the (d − p) = (p + 4)-dimensional black hole that one gets by toroidal compactification of the black brane over the p worldvolume directions. Observe that our choice of signs for ω and h guarantees the positivity of T p . Observe that the worldvolume element, given locally by
which becomes a scalar in (d − p) dimensions, is normalized to 1 at infinity. To study the near-horizon limit we first redefine the radial coordinate where have chosen arbitrarily a normalization constant. The general metric for regular p-branes is, therefore, given by Eq. (1.33).
Combining these facts we find that the near-horizon limit of the time-radial part of the metric can be brought into the Rindler-like form ∼ e 
B.2.2 Extremal limit
In the extremal limit W = 1 and the transverse background metric takes the form in Eq. (B.18), which is just the (p + 3)-dimensional Euclidean metric as can be seen with the coordinate change ρ For Schwarzschild p-branesũ = ω/2 and the above formula gives the knownresult T p = −ω/2.
Finally, let us just stress that the tensions, temperature and entropy density of the d-dimensional black p-branes that we are studying coincide with the mass, temperature and entropy of the (p + 4)-dimensional black hole that one finds by toroidal dimensional reduction over the p spacelike worldvolume directions.
Using the formulae of Appendix A we can uplift these solutions to solutions of pure 4 + p gravity with metrics given by 
